AUTOMORPHISM GROUPS OF RIGHT-ANGLED BUILDINGS: 
SIMPLICITY AND LOCAL SPLITTINGS 



PIERRE-EMMANUEL CAPRACE 

Abstract. We show that the group of type-preserving automorphisms of any 
irreducible semi-regular thick right-angled building is abstractly simple. When 
the building is locally finite, this gives a large family of compactly generated 
(abstractly) simple locally compact groups. Specializing to appropriate cases, we 
obtain examples of such simple groups that are locally indecomposable, but have 
locally normal subgroups decomposing non-trivially as direct products. 

"Everywhere there was evidence of a collective obsession with 
the comforting logic of right angles. " 

(R. Larsen, The selected works of T.S. Spivet, 2009) 

1. Introduction 

Let (W, I) be a right-angled Coxeter system, i.e. a Coxeter system such that 
rriij = 2 or m^j = oo for all i ^ j. We assume that the generating set / is finite. 

Haglund-Paulin have shown that for any tuple of (not necessarily finite) cardi- 
nalities (qi)iei, there exists a right-angled building of type (W, I) with prescribed 
thicknesses (qi)iei, in the sense that for each i 6 I, all i-panels have thickness of 
the same cardinality q^. We refer to |Dav98t Th. 5.1] for a group-theoretic construc- 
tion of that building. Moreover, such a building is unique up to isomorphism (see 
Proposition 1.2 in |HP03| ). A right-angled building satisfying that condition on the 
panels is called semi-regular (this terminology is motivated by the case of trees). 
It is thick if q { > 2 for all i E I. 

The following shows that the automorphism groups of these buildings provide a 
large family of simple groups. 

Theorem 1.1. Let X be a thick semi-regular building of right-angled type (W, I). 
Assume that (W, I) is irreducible non-spherical. 

Then the group Aut(X) + of type-preserving automorphisms of X is abstractly 
simple, and acts strongly transitively on X. 

Recall that strong transitivity means transitivity on pairs (c, A) consisting of 
a chamber c and an apartment A containing c (we implicitly refer to the com- 
plete apartment system). Haglund and Paulin |HP03t Prop. 1.2] have shown that 
Aut(X) + is chamber-transitive; in fact, the main tools in the proof of Theorem 11.11 
rely on their work in an essential way. 

If W is infinite dihedral, then a building X of type (W, I) with prescribed thick- 
nesses (qi)i£i is nothing but a semi-regular tree. In that case the simplicity of the 
type-preserving automorphism group G = Aut(X) + is due to Tits |Tit70| . If (W, I) 
is a right-angled Fuchsian group (i.e. if / = {1, . . . , r} and = 2 if and only 
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if \i — j\ = 1 or r — 1), then a building X of type (W, I) is a Bourdon building, 
and the simplicity statement is due to Halgund-Paulin |HP98) . 

After this work was completed, K. Tent informed me that she had obtained in- 
dependently a proof of bounded simplicity in the case right-angled buildings whose 
panels are of countable thickness; this stronger simplicity statement means that 
there is a uniform constant N such that the group can be written as a product of N 
copies of each of its non-trivial conjugacy class. In case of trees, bounded simplic- 
ity was proved without any restriction on the thickness by J. Gismatullin |Gis09| . 
Another related simplicity theorem was also obtained by N. Lazarovich |Laz] ; it ap- 
plies to a large family of groups acting on locally finite, finite-dimensional CAT(O) 
cube complexes. It is likely that the special case of Theorem 11.11 concerning locally 
finite right-angled buildings could also be deduced from |Laz) . using the fact that 
right-angled buildings can be cubulated. 

Notice that a building whose type-preserving automorphism group is chamber- 
transitive, is necessarily semi-regular. The following is thus immediate from Theo- 
rem [TTTJ 

Corollary 1.2. Let X be an irreducible thick right-angled building of non- spherical 
type. If Aut(X) + is chamber-transitive, then it is strongly transitive and abstractly 
simple. 

In the special case when X is locally finite, i.e. when qi < oo for all % £ I, 
the group G endowed with the compact-open topology is a second countable totally 
disconnected locally compact group. It is compactly generated since it acts chamber- 
transitively on A. In particular Theorem 11.11 provides a large family of compactly 
generated simple locally compact groups. Our next goal is to describe their rich 
local structure. 

A general study of the local structure of compactly generated, topologically sim- 
ple, totally disconnected locally compact groups is initiated in |CRW12) . The main 
objects of consideration in that study are the locally normal subgroups, namely 
the compact subgroups whose normaliser is open. The trivial subgroup, as well 
as the compact open subgroups, are obviously locally normal, considered as triv- 
ial. It is important to observe that a compactly generated, locally compact group 
can be topologically simple and nevertheless possess non-trivial locally normal sub- 
groups. Basic examples of such groups are provided by the type-preserving auto- 
morphism group of semi-regular locally finite tree. It turns out that the group of 
type-preserving automorphisms of an arbitrary semi-regular locally finite tree always 
admits non-trivial locally normal subgroups; some of them even split non-trivially 
as direct products (see Lemma 19.11 below) . The case of trees has however a special 
additional property: some compact open subgroups split as a direct product of in- 
finite closed subgroups; the corresponding factors are a fortiori locally normal and 
non-trivial. It is thus natural to ask for which right-angled buildings that situa- 
tion occurs, beyond the case of trees. The following provides a complete answer to 
this question, implying in particular that open subgroups admit non-trivial product 
decompositions only under very special circumstances. 

Theorem 1.3. Let X be a building of right-angled type (W,I) and prescribed thick- 
nesses (qi)i£i, with 2 < qi < oo for all i 6 /. Assume that (W, I) is irreducible 
non- spherical. 

Then the following assertions are equivalent: 
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(i) All open subgroups of G = Aut(X) + are indecomposable, 
(ii) G is one- ended. 
(Hi) W is one-ended. 

By indecomposable, we mean the non-existence of a non-trivial direct product 
decomposition. The set of ends of a compactly generated locally compact group 
is defined with respect to compact generating sets in the same way as for discrete 
groups (see |Abe74| ). Notice that Theorem 11.31 establishes a relation between the 
local structure of G (because the existence of an open subgroup splitting non-trivially 
as a product can be detected in arbitrarily small identity neighbourhoods) and its 
asymptotic properties. 

The condition that W is one-ended can easily be read on the Coxeter diagram 
(see Theorem 19.21 for a precise formulation). 

It follows from Theorem 11.31 that, if X is a Bourdon building, then compact 
open subgroups of Aut(X) + are indecomposable, but they have normal subgroups 
that split non-trivially as products. With Theorem 11.31 at hand, one can construct 
buildings X of arbitrarily large dimension whose automorphism group has that 
property. In fact, one can arrange that compact open subgroups are indecomposable, 
but possess a normal series of arbitrarily large length all of whose subquotients split 
non-trivially as products. 

Acknowledgement. I thank Colin Reid and George Willis for numerous inspiring 
conversations; the main motivation for the present work was in fact provided by the 
common enterprise initiated in |CRW12| . 

2. Projections and parallel residues 

A fundamental feature of buildings is the existence of combinatorial projections 
between residues. We briefly recall their basic properties, which will be frequently 
used in the sequel. All the properties which we do not prove in detail are established 
in [TTt74l §3.19]. 

Let X be a building. Given a chamber c G Ch(X) and a residue a in X, the 
projection of c on a is the unique chamber of Ch(er) that is closest to c. It is denoted 
by proj cr (c). For any chamber d G Ch(cr), there is a minimal gallery from c to d 
passing through proj CT (c). Moreover, any apartment containing c and meeting Ch(cx) 
also contains proj cr (c). An important property of proj is that it does not increase the 
numerical distance between chambers: for all c, d G Ch(X), the numerical distance 
from proj CT (c) to proj (T (c / ) is bounded above by the numerical distance from c to d . 

If a and r are two residues, then the set 

{proj CT (c) | c G Ch(r)} 

is the chamber-set of a residue contained in a. That residue is denoted by proj CT (r). 
The rank of proj CT (r) is bounded above by the ranks of both a and r. 

We shall often use the following crucial property of the projection map; we out- 
source its statement for the ease of reference. 

Lemma 2.1. Let R, S be two residues such that Ch(R) C Ch(S'). Then for any 
residue a, we have proj R (<r) = proj R (proj s (a)). 

Proof. See |Tit74l 3.19.5]. □ 

Two residues a and r are called parallel if proj cr (r) = a and proj r (cr) = r. In 
that case, the chamber sets of a and r are mutually in bijection under the respective 
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projection maps. Since the projection map between residues does not increase the 
rank, it follows that two parallel residues have the same rank. A basic examples of 
parallel residues is provided by two opposite residues in a spherical building. 

The following result shows that two residues are parallel if and only if they share 
the same set of walls in every apartment containing them both. This useful criterion 
allows one to detect parallelism of residues by just looking at parallelism among 
panels. 

Lemma 2.2. Let R and R' be two residues. Then R and R' are parallel if and only 
if for all panels a of R and a' of R' , the projections proj R , (a) and proj Jt (cr / ) are both 
panels. 

Proof. The 'only if part is clear from the definition. Assume that R and R' are not 
parallel. Up to swapping the roles of R and R', we may thus assume that proj^(-R') 
is a proper residue of R. Let then c and d be a pair of adjacent chambers in R so 
that c is the projection of some chamber of R' and d is not. Then d = proj R/ (c) is 
adjacent to d 1 = proj R /(<i). If the latter two chambers coincide, then the projection 
on R' of the panel shared by c and d is a chamber and not a panel, and the desired 
condition holds. Otherwise the panel shared by c and d is parallel to the panel 
shared by c' and d' . This implies that c = proj it (c / ) and d = proj R (cf), contradicting 
that d does not belong to the chamber-set of proj ^ (/?'). □ 

Another useful fact is the following. 

Lemma 2.3. Let R and R' be two residues. 
Then proj R /(i?) and proj R {R') are parallel. 

Proof. Let o be a panel contained in proj^(-R'). Then there is a panel a' in R' such 
that a = projjj(cr'). It follows that a and a' are parallel. Therefore, we have 

o-' = P r °j<x'( ff ) = P r oja'(P r °jij'( CT ))> 

where the second equality follows from Lemma 12.11 It follows that proj i? /(<r) is a 
panel. Clearly, we have proj R i(cr) = proj pro j ,( R )(cr). This shows that the projection 
of a to proj R /(-R) is a panel. 

By symmetry, the projection of any panel of proj R /(R) to pvoj R (R') is also a panel. 
By Lemma [2 .2\ we infer that proj i? /(i?) and pTO] R (R') are parallel. □ 

Corollary 2.4. Let o and a' be panels. 

If two chambers of a' have distinct projections on a , then a and a' are parallel. 

Proof. If two chambers of a' have distinct projections on a, then proj CT (cr') is a 
panel, which is thus the whole of a. Therefore proj cr /(cr) cannot be reduced to a 
single chamber by Lemma [2.31 The result follows. □ 

Corollary 12.41 indicates how straightforward it is to check that two panels are 
parallel. It will be used frequently. 

We shall see that parallelism of residues has a very special behaviour in right- 
angled buildings. For instance, we have the following useful criterion. 

Proposition 2.5. Let X be a right-angled building of type (W,I). 
(i) Two parallel residues have the same type. 

(ii) Given a residue R of type J, a residue R' is parallel to R if and only if R' is 
of type J and R and R' are both contained in a residue of type J U J- 1 . 
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We recall that J is the subset of I defined by 

J" 1 = {i G I | i J, ij = ji for all j G J}. 

Proof of Proposition \2.5l (i) In a right-angled building, any two panels lying on a 
common wall in some apartment have the same type. That two parallel residues 
have the same type is thus a consequence of Lemma 12.21 

(ii) Any two residues of type J in a building of type JU J 1 - are parallel. This implies 
that the 'if part holds. 

Assume now that R and R' are parallel. Let c G Ch(R) and d = pro] R ,(c). We 
show by induction on d(c, C) that the type of every panel crossed by a minimal 
gallery from c to d belongs to J'. Let c = do, d\, . . . , d n = C be such a minimal 
gallery. Let also % be the type of the panel shared by c = do and d±, and let CTj 
denote that 2-panel. For any j G J, let also <jj be the j-panel of c. By Lemma 12.21 
the projection er' = proj R / (ex.,) is a panel. The panels cr, and <r'- lie therefore on a 
common wall in any apartment containing them both. If i and j did not commute, 
then the wall Wj containing the panel <7j in such an apartment would be disjoint 
from the wall Wj containing Oj. This implies d is separated from Wj by the wall 
Wj, which prevents the panel <r'- from lying on Wj. This shows that ij = ji. In 
other words, we have i G J ± . 

Let next i?i be the J-residue containing di, and let S be the (J U {i})-residue 
containing c. Thus R and i?i are both contained in S. 

We claim that R\ is parallel to R'. In order to establish the claim, we first notice 
that pToj R ,(S) = R', since R C S. By Lemma 12.3} the residue R' = pTO] R ,(S) is 
parallel to proj 5 (i?'). In particular proj 5 (i?') is of type J by Assertion (i). Since 
% G J ± , all J-residues in S contain exactly one chamber of o~i. Since G{ is not 
contained in proj s (i?'), it follows that all chambers of R! have the same projection on 
Oi\ that projection is the unique chamber of Ch(cjj)nCh(proj 5 (-R')). By construction, 
we have proj CT .(c') = d\\ we deduce that d\ belongs to Ch(proj 5 (i?')). This proves 
that proj s (i?') is the J-residue of d\\ it coincides therefore with Ri. 

Thus we have shown that R' = pTO] R ,(S) and that R\ = proj 5 (i2'), and those 
residues are parallel by Lemma [2.31 The claim stands proven. 

The claim implies by induction on n that R\ and R' are contained in a common 
residue of type J U J L . That residue must also contain R, since R and R± are 
contained in a common residue of type JU{i} C JU J -1 . This finishes the proof. □ 

Corollary 2.6. Let X be a right-angled building. 

Then parallelism of residues is an equivalence relation. 

Proof. This follows from Proposition l2ToT ii). □ 

We emphasize that parallelism of panels is not an equivalence relation in general. 
In fact, we have the following characterization of right-angled buildings. 

Proposition 2.7. Let X be a thick building. 

Then parallelism of residues is an equivalence relation if and only if X is right- 
angled. 

Proof. By Corollary I2.6[ it suffices to show that if X is not right-angled, then par- 
allelism of panels is not an equivalence relation. If X is not right-angled, then it 
contains a residue R which is an irreducible generalized polygon. Let a and a' be 
two distinct panels of the same type in R, at minimal distance from on another. It 
follows that a and a' are not opposite in R, and thus not parallel since they do not 
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lie on a common wall in apartments containing a and a'. By [Tit74|. 3.30], there is 
a panel r in R which is opposite both a and a'. Thus a is parallel to r and r is 
parallel to a'. Parallelism is thus not a transitive relation. □ 

3. Wall-residues and wings 
Let X be a right-angled building of type (W, I). 



Since parallelism of residues is an equivalence relation by Corollary 12. 6[ it is 
natural to ask what the equivalence classes are. The answer is in fact already 
provided by Proposition 12.51 the parallel classes of J-residues are the sets of J- 
residues contained in a common residue of type JU J 1 . 

Given a residue R of type J, we will denote the unique residue of type JU J 1 
containing R by R. The special case of panels is the most important one. A residue 
of the form a, with a a panel, will be called a wall-residue. 

In the case when (W, I) is a right-angled Fuchsian Coxeter group, wall-residues 
are what Marc Bourdon calls wall-trees, see |Bou97) . The terminology is motivated 



by the following observation: if the intersection of a wall-residue with an apartment 
is non-empty, then it is a wall in that apartment. 

Our next step is to show how residues determine a partition of the chamber-set 
of the ambient building into convex pieces. To this end, we need some additional 
terminology and notation. 

To any c G Ch(X) and J C /, we associate the set 

Xj(c) = {xe Ch(X) | proj CT (x) = c}, 

where a = Resj(c) is the J-residue of the chamber c. We call Xj(c) the J-wing 
containing c. If J = {i} is a singleton, we write Xi(c) and call it the i-wing of c. A 
wing is a J-wing for some JCI. 

Proposition 3.1. In a right-angled building, wings are convex. 

Proof. Fix c G Ch(X) and JCI. 
We claim that 

X J (c) = f)X l (c). 
ieJ 

The inclusion C is clear. To check the reverse inclusion, let x be a chamber whose 
projection onto R = Res j(c) is different from c. Then there is a minimal gallery 
from x to c via x' = proj iJ (x). Let i be type of the last panel crossed by that gallery, 
and let a be that panel. By construction we have proj cr (x) 7^ c. Moreover, since 
x' 7^ c, we have i G J. This implies that x ^ Xi(c). The claim stands proven. 

In view of the claim, it suffices to prove that a wing of the form Aj(c) with i G / is 
convex. Let a be the z-panel of c. Let also d, d' G Aj(c) and let d — do, d\, . . . , d n — d' 
be a minimal gallery joining them. 

Assume that the gallery is not entirely contained in Aj(c). Let j be the minimal 
index such that dj+\ Aj(c), and let j' be the maximal index such that dy-\ ^ Xi(c). 
Thus j' > j. 

By construction, the panel aj shared by dj and g^ +1 is parallel to a. Similarly, 
so is the panel ay shared by dj> and df-i. Therefore, by Proposition 12. 5[ the set 
Ch(cr) U Ch(cTj) U Ch(<7j/) is contained in Ch(<j) (where as above a denotes that 
({i} U {i} _L )-residue containing a). 
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Setting dl k = proj s (c4), we infer that the sequence 

dj — dj = dj + ^, ^'+2' • • • ' dji_2i dji_\ — 




is a gallery that is strictly shorter than the given minimal gallery dj, dj + i, . . . ,dj>. 



By definition of the projection, the set Ch(X) is the disjoint union of the wings 
Xj(d) over all d G Ch(Resj(c)). It thus follows from Proposition l3.1l that any residue 
containing q chambers yields a partition of the building into q convex subsets. 

For the sake of future references, we record the following fact. 

Lemma 3.2. Let % G I, let c G Ch(X) and let a = ReSj(c). 

For any x G Xj(c) and x' Xi(c), the gallery from x to x' obtained by concate- 
nating a minimal gallery from x to proj s (x), a minimal gallery from proj^rc) to 
proj 5 .(x / ), and a minimal gallery from proj 5 .(x / ) to x' , is minimal. 

Proof. A gallery is minimal if and only if its length equals the numerical distance 
between its extremities. Therefore, it suffices to show that there is some minimal 
gallery from x to x' passing through proj s (x) and proj 5 .(x / ). 

Let 7 = (x = Xq, Xi, . . . , x n = x') be some minimal gallery from x to x' . Since x' G" 
Xi(c), the gallery 7 must cross some panel which is parallel to a. By Proposition ^. 5[ 
this implies that the gallery 7 meets the residue a. 

Let j (resp. f) be the minimal (resp. maximal) index k such that the chamber 
Xk of 7 belongs to Ch(er). Then there is a minimal gallery 7^- from x to Xj (resp. jji 
from Xj' to x') passing through proj s (x) (resp. proj 5 (x')). By concatenating 7^ and 
jji with the gallery Xj, Xj + i, . . . , Xj>, we obtain a gallery 7, of the same length as 7, 
and joining x to x' . Thus 7 is minimal. By construction, it passes through proj 5 .(x) 
and proj 5 .(x / ). □ 

Crucial to our purposes is the relation of inclusion between wings described by 
the following. 

Lemma 3.3. Let G / and c,c' G Ch(X). If i ^ i' , then we assume in addition 
that mu> = 00. 

IfcE X v {d) and c' X^c), then Xj(c) C X v {d). 

Proof. Let a (resp. cr') be the i-panel (resp. i'-panel) of c (resp. c'). Let d G Ch(X) 
with proj CT (d) = c. We need to show that then proj ./(d) = c'. 
Let <7 = ReSjujx(c). Let x = proj 5 (c') and y = proj s (rf). 

Let c" G Ch(cr') be different from c'. We need to show that dist((i, c") = dist(d, c') + 

1. 

In order to see this, we first claim that proj s (c") = x. If this were not the case, 
then proj 5 .(<T / ) would be parallel to cr'; it would thus coincide with the z'-panel of 
x by Proposition I2.5( i). We denote the z'-panel of x by r. The inclusion of r 
in a implies that i' belongs to iUt 1 . By hypothesis, this forces i — i'. It now 
follows from Proposition I2.5( ii) that r is parallel to a. Hence a and a' are parallel 
by Corollary 12.61 Since proj cr (c') 7^ c, it then follows that proj cr /(c) 7^ c', whence 
d G^ Aj(c), a contradiction. This proves that proj 5 .(c // ) =1 as claimed. 

By assumption, we have d G Xi(c) and d Xi(c). Therefore, Lemma [3.21 implies 



This is absurd. 



□ 



that 



dist(d, d) = dist(d, y) + dist(j/, x) + dist(x, c). 
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Moreover, by the claim, we also have 

dist(d, c") = dist(o?, y) + dist(?/, x) + dist(x, c"). 

So it suffices to show that dist(x, c") = dist(x, c') + 1. But Lemma [3.21 applied to c 
and c" also implies that 

dist(c, c") = dist(c, c') + 1 = dist(c, x) + dist(x, c') + 1, 

whence dist(x, c") = dist(x, c') + 1, as desired. □ 

We shall also need the following additional properties of the subsets Xi(c). 

Lemma 3.4. Let i £ I, let c, x £ Ch(X) and let a be the i-panel of c and a be the 
residue of type i U i 1 - containing c. 

Assume that proj s (x) = c and let n = dist(x,c). Then the ball B(x,n + 1) C 
Ch(X) of radius n + 1 around x is entirely contained in Xj(c) U Ch(cr). 

Proof. Choose a chamber y £ B(x, n + 1) — Xi(c). Let x = Xo, x\, . . . , x n+ \ = y be 
a minimal gallery. Since proj^(x) = c, we have proj .(x) = c, whence x £ Xj(c). Let 
&o = min{£ | xe ^ Xj(c)}. Thus k > and x s £ Xj(c) for all s £ {0, . . . , ko — 1}. 

We next observe that the panel a' shared by Xk -i and Xk is parallel to a by 
Corollary 12.41 Hence Xk ~\ and Xf- both belong to Ch(a) by Proposition I2.5( ii). In 
particular we have 

k — 1 = dist(x, Xk ~i) > dist(x, proj s (x)) = n. 

Therefore k Q = n + 1 and Xfc _i must coincide with the projection proj 5 .(a;) = c. This 
yields a' = a and y £ Ch(o"). □ 

Lemma 3.5. Let J C I and i £ I — J . Given a J-residue R and a chamber 
c £ Ch(R), we have Ch(R) C X^c). 

Proof. Let c £ Ch(i?) and a be the i-panel of c. Suppose for a contradiction that 
proj cr (i?) = a. Then proj i? (cr) = r is panel which is parallel to o by Lemma 12.31 
Therefore o and r are both i-panels by Proposition I2.5( i). Since r is contained in 
R, this contradicts that i g" J. □ 

4. Extending local automorphisms 

The following important result was shown by Haglund-Paulin. 

Proposition 4.1 (Haglund-Paulin). Let X be a semi-regular right-angled building. 
For any residue R of X and any a £ Aut(i?) + , there is a £ Aut(X) + stabilising R 
and such that ci|ch(_R) = a - 

Proof. See Proposition 5.1 in |HP03| . □ 

In other words, this means that the canonical map from the stabiliser StabA u t(x)+ (R) 
to Aut(i?) + is surjective. 

It will be important to our purposes to ensure that the extension constructed in 
Proposition 14.11 can be chosen satisfy some additional constraints. In particular, we 
record the following. 

Proposition 4.2. Let X be a semi-regular right-angled building of type (W, I). Let 
i £ / and a be an i-panel. 

Given any permutation a £ Sym(Ch(a)), there is a £ Aut(X) + stabilising o 
satisfying the following two conditions: 

(i) «|ch(<j) = «; 
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(ii) a fixes all chambers of X whose projection to a is fixed by a. 

Proof. Let a L denote a residue of type {i} 1 - containing some chamber of a. The 
residue a then splits as a direct product o = cr x c 1 . We define /3 G Aut(<x) + 
as (3 = a x Id. By Proposition 14. 1[ the automorphism /3 of a extends to some 
(type-preserving) automorphism of X. 

We now define a map a: Ch(X) — > Ch(X) as follows: for each c G Ch(X), we set 

= f c if a(proj a (c)) = proj CT (c); 
1 /3(c) otherwise. 

Clearly the map a satisfies the desired condition (ii). Moreover, we have «|ch(a-) = /3, 
from which it follows that condition (i) holds as well. 

It remains to check that a is an automorphism. To this end, let x and y be any 
two chambers and denote by x' and y' their projections on a. 

If x' = y', then we have either (a(x), a(y)) = (x, y), or (a(x), a{y)) = (0(x), (3(y))- 
In both cases, it follows that a preserves the Weyl-distance from x to y. 

Assume now that x' ^ y'. Let then x" and y" denote the projections of x and y 
on a. By Lemma 13.2^ it suffices to show that a preserves the Weyl-distance from x 
to x", the Weyl-distance from x" to y" and the Weyl distance from y" to y. Since 
wings are convex by Proposition 13. 1[ and since the restriction of a on each wing of 
a preserves the Weyl-distance, it follows that a preserves the Weyl-distance from x 
to x"and from y" to y. That the Weyl-distance from x" to y" is preserved is clear 
since the restriction of a to Ch(d") is the automorphism /3. 

This proves that a preserves the Weyl-distance from x to y. Thus a is an auto- 
morphism. □ 

5. Fixators of wings 
As before, let X be a right-angled building of type (W, I). 

The subsets X(c) are analogues of half-trees in the case W is infinite dihedral. In 
view of this analogy, we shall consider the subgroups of Aut(A) + denoted by V^(c) 
and Ui(c), consisting respectively of those automorphisms supported on Xj(c) and 
on its complement. In symbols, this yields 

Ui(c) = {g G Aut(X) + | g(x) = x for all x G X(c)}, 

and 

Vi(c) = {ge Aut(A) + | g(x) = x for all x & X(c)}. 
Clearly Ui(c) and V^(c) both fix c and stabilise a. Moreover they commute and have 
trivial intersection, since their support are disjoint. The following implies that they 
are both non-trivial. 

Lemma 5.1. Assume that X is thick and semi-regular. Let i,j G / be such that 
rriij = oo. Then for all c G Ch(X), the groups Ui(c) and Vi(c) are non-abelian. 

Proof. Let i / c be a chamber j-adjacent to c. Then Xj(x) C Xj(c) by Lemma \3. 31 
This implies that Ui(c) fixes pointwise Xj(x) for all chambers x ^ c that are j- 
adjacent to but different from c. In particular Ui(c) is contained in Vj(c), so it 
suffices to show that Ui(c) is non-abelian. 

Proposition 14.21 implies that Ui(c) is non-trivial; so are in particular Vi(x) and 
Vj(x) for all x G Ch(X) in view of what we have just observed. 

For each d ^ c be a chamber that is z-adjacent to c, the group V^(c') is contained in 
Ui(c). Moreover, if d, c" are two distinct such chambers, the groups Vi(d) and Vi{c") 
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are different since they are non-trivial and have disjoint support. By Proposition [421 
there is u G E/j(c) mapping d to c" . We then have uV^d)^ 1 = Vi(c") 7^ Vi(d). In 
particular u does not commute with Vi(d), which proves that C/»(c) is not abelian. □ 

Given G < Aut(X), the pointwise stabiliser of the chamber set Ch(R) of a residue 
R is denoted by Fixc(-R). We shall next describe how the groups Ui(c) and V$(c) 
provide convenient generating sets for the pointwise stabilisers of residues and balls 
in X. We start with wall-residues. 

Proposition 5.2. Let X be a thick semi-regular right-angled building of type (W, I). 
Let c G Ch(X) and % G I, and let R = Res iU j±(c) be the residue of type iUi 1 - of c. 
Then we have 

Fix Aut(x)+ (R) = l[V l (d). 

Proof. By Lemma [3. 2 \ each element of Yix Aut ^ X )+{R) stabilises Xi(d) for all d ~, c. 
Thus there is a canonical injective homomorphism 



Fix Aut{x)+ (R) ->][Vi{d). 



In order to show that it is surjective, it suffices to show that, given g G FixA u t(X)+ (R), 
the permutation g of the chamber set defined by 

g: Ch(X) -> Ch(X) :x^{ 9 ^ '[^ G 

y ' v ' 1 otherwise 

is an autorphism of X. To see this, let x, y G Ch(X) and let 5 : Ch(X) x Ch(X) — )■ V4 7 
denote the Weyl distance. We need to show that 5(g(x),g(y)) = 5(x,y). By the 
definition of g, it suffices to consider the case when x G Xi(c) and y G" Xi(c) (or 
vice- versa). By Lemma [3. 2\ we have 

6(x,y) = 5(x,x')5(x',y')5(y',y), 

where x' = proj J? (x), y' = proj i? (y) and R = ReSjujx(c). Moreover, the element g G 
Aut(X) + fixes x',y and y' and preserves R and Xi(c). Thus we have proj i? (^(x)) = 
projjj = x' and, invoking Lemma [3.21 once more, we deduce 

S(g(x),g(y)) = 5(g(x),y) 

= ^(g(x),x')5(x',y')5(y',y) 

= S(x,x')S(x',y')S(y',y) 

= 8(x,y) 

as desired. □ 

6. Strong transitivity 

Proposition 6.1. Let X be a thick semi-regular right-angled building. 
Then the group Aut(X) + is strongly transitive on X . 

We need the following basic consequence of Proposition 14.21 

Lemma 6.2. Let X be a thick semi-regular right-angled building of type (W, I). 

Let x G Ch(X) and n > 0. Let Ci, . . . , c t G Ch(X) be at distance n from x, and let 
ii, . . . ,it G / be such that pro] &s (x) = c s , where a s = Res isU j±(c s ) for all s = 1, . . . , t. 

For all s G {1, . . . ,t}, letn s be an arbitrary permutation ofCh(a s ) fixing c s , where 
a s is the i s -panel of c s . Then there is g G (Ui s (c s ) \ s = 1, . . . ,t) whose restriction 
to Ch(cr s ) is ix s for all s. Moreover g fixes pointwise B(x, n + 1) — IJl=i Ch(cr s ). 



AUTOMORPHISMS OF RIGHT-ANGLED BUILDINGS 



11 



Proof. By Lemma f3~4|. every element of Ui B (c s ) fixes pointwise B(x, n + 1) — Ch(cr s ). 
Therefore, if we find g s G Ui s (c s ) with g s (d s ) = d' s , then the product g = g\ . . . g t 
will enjoy the desired properties. The existence of g s G Ui s (c s ) with g\ch(a a ) = TTs is 



Proof of Proposition ^, li As observed by Haglund-Paulin |HP03| . Proposition 14.11 
readily implies that Aut(X) + is chamber transitive. We need to show that given 
a chamber c G Ch(X) and two apartments A, A' containing c, there is an element 
g G Aut(X) + fixing c and mapping A to A'. 

Set go = Id and let n > 0. We shall construct by induction on n an element 
g n G Aut(X) + with the following properties: 

• g n fixes pointwise the ball of radius n — 1 around c; 

• g n g n -i . . . go(A) f] A' D B(c,n) fl A', where B(c,n) is the ball of radius n 
around c. 

The first property ensures that the sequence (g n g n _i . . . go) n >o pointwise converges to 
a well defined automorphism g^ G Aut(X) + . The second property yields goo{A) = 
A', as desired. 

Let n > 0, and suppose that g ,gi,...,g n have already been constructed. Set 
A n = g n 9n-i ■ ■ ■ 9o{A). Thus A n fl A' contains every chamber of A' at distance at 
most n from c. 

We need to construct an automorphism g n+ \ G Aut(X) + fixing B(c,n) pointwise 
and such that g n+ i(A n ) fl A' contains B(c, n + 1) fl A'. 

Let E be the set of those chambers in B(c, n + 1) fl A' that are not contained in 
A n . Notice that E is finite (since B(c, n + 1) fl A' is so). 

If E is empty, then we set g n +i = Id and we are done. Otherwise we enumerate 
E = {x[, . . . , x' t } and consider s G {1, . . . , £}. Let y s be the first chamber different 
from x' s on a minimal from x' s to c. Thus y s G -B(c, n) fl A', and hence y s G A n . Let 
cr s be the panel shared by x' s and y s , let « s G / be its type and let x s G A n be the 
unique chamber which is i s -adjacent to, but different from, y s . By Lemma ItjTS} there 
is an element g n+1 G (U ia (y s ) \ s = 1, . . . ,t) which maps x s to x' s for all s, and fixes 
B(c,n) pointwise. Thus g n +i has the requested properties, and we are done. □ 

We are thus in a position to invoke Tits' transitivity lemma: 

Corollary 6.3. Let X be a thick semi-regular right-angled building of irreducible 
type. 

Then every non-trivial normal subgroup of Aut(X) + is transitive on Ch(X). 

Proof. Since Aut(X) + is strongly transitive by Proposition 16.11 this follows from 
Proposition 2.5 in |Tit64j . □ 

In case when X is locally finite, the strong transitivity guaranteed by Proposi- 
tion 16.11 is already enough to ensure that the intersection of all non-trivial closed 
normal subgroups of Aut(X) + is non-trivial, topologically simple and cocompact, 
see |CM11[ Corollary 3.1]. This is of course a much weaker conclusion than Theo- 
rem [LTJ 

We record the following consequence of Proposition 15. 21 and Corollary 16.31 which is 
crucial for Theorem ll.il The proof is based on Tits' commutator lemma (Lemma 4.3 
in |Tit70| or Lemma 6.2 in |HP98j ). 

Lemma 6.4. Assume that the Coxeter system (W, I) is irreducible and that X is 
thick. 




□ 



12 



PIERRE-EMMANUEL CAPRACE 



Then for any wall-residue R, every non-trivial normal subgroup of Aut(X) + con- 
tains Fix Au t(x)+ (R) ■ 

Proof. Let iV < Aut(X) + be a non-trivial normal subgroup. 

Let % £ /, Co £ Ch(X) and R = ReSjuj±(co). In view of the product decomposition 
provided by Proposition 15. 2\ it suffices to show that the group Vi(x) is contained in 
N for each x ~» q> 

Fix thus x ~j Cq. Since the building X is thick, there is a chamber c' ~j Cq distinct 
from both Cq and x. Since (W, I) is irreducible and non-spherical, there exist j £ I 
such that rriij = oo. Let Ci £ Ch(X) be such that the Weyl distance S(cq,Ci) from 
Co to c\ is ij and that (co, c , Ci) is a minimal gallery. 

By Corollary I6.3[ there is g £ N such that g(co) = c\. Let <To be the i-panel of Co- 
For all n > 0, set c n = g n .co, c' n = g n .c' and a n = g n .ao. 

Notice that g acts as a translation on the {r/'}-residue containing x. It follows 
that for all n > 0, the gallery (co, c' , c±, d ly . . . , c n , d n ) is minimal. Moreover for 
< s < t < n we have proj (p*.a;) = c' s and proj (7t (5' s .x) = c t . Therefore, if follows 
from Lemma [3.31 that Xi(g t (x)) C Xi(c' t ) and Xi(g s (x)) C Xj(ct). 

Since Vi(c t ) and Vi(c' t ) commute and since g s Vi(x)g~ s = Vi(g s .x) < Vi(c t ) and 
g t Vi{x)g~ t = Vi{g t .x) < Vi(c' t ), we infer that (yf 8 ^^^)^" 5 and g t Vi{x)g~ t commute. 
From Proposition 15. 2\ it follows that the various conjugates g n Vi(x)g~ n with n > 
generate their direct product in Aut(X) + . 

Recall now that g belongs to N and, hence, so does any commutator [g, z] with 
z £ Aut(X) + . Given h £ Vi(x), we can construct an element z £ n n >o 9 n Vi{ x )9~ n 
satisfying the equation [g, z] = h by setting Zq = h and constructing inductively the 
n th component z n £ g n Vi(x)g~ n for all n > 0. Thus /i £ N and we are done. □ 

7. Simplicity of the automorphism group 

Proof of Theorem \l.l\ Let N ^ 1 be a non-trivial subgroup of G = Aut(X) + . By 
Corollary 16. 3[ the group is transitive on Ch(A). Since G is strongly transitive 
on X, it is naturally endowed with a i?A-pair. Therefore, if we show that N con- 
tains the full stabiliser Stabc(-R) of some residue R, then it will follow from |Tit64[ 
Proposition 2.2] that N itself is the stabiliser of some residue. The transitivity 
of N on Ch(X) forces that residue to be the whole building X, whence N = G 
as desired. Therefore, the desired conclusion will follow provided we show that N 
contains Stabc(-R) of some residue R. This is the final of the following series of 
claims. 

Claim 1. For any residue R of irreducible type, the stabiliser Stab n(R) rnaps sur- 
jectively to Aut(-R) + . 

In order to prove the claim, we first observe that given two chambers c, d £ Ch(R), 
any element of G mapping c to d must stabilise R. Since N is chamber-transitive, it 
follows that for any residue R, the image of N D Stabc(-R) in Aut(-R) is non-trivial. 

In case R is a proper residue of irreducible non- spherical type, we infer by induc- 
tion on the rank that Aut(i?) + is simple; notice that the base of the induction is 
provided by |Tit70j . which settles the case of trees. Since moreover the homomor- 
phism of Stabc(-R) in Aut(i?) + is surjective by Proposition 14. 1} it follows that it 
remains surjective in restriction to N D Stabc(-R). In other words, we have shown 
that Stabjy(-R) maps surjectively to Aut(i?) + for any proper irreducible non-spherical 
residue. 
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Assume now that R is spherical. Thus R is of rank one. Since (W, I) is irreducible, 
it follows that R is incident with a non-spherical residue R 1 of rank two. From the 
part of the claim which has already been proven, we deduce that Stab at (.R') maps 
surjectively to Aut(i?') + . Since the latter is strongly transitive on R', it follows that 
Stab at (.R) maps surjectively on Aut(i?) + . The claim stands proven. 

Claim 2. For any i £ I and any residue R of type iL)! 1 , the group Fixc{R) is 
contained in N. 

This was established in Lemma 16.41 

Claim 3. Let J = Jo U J± U • ■ ■ U J s C / be the disjoint union of pairwise commuting 
subsets such that {Wj^ Ji) is irreducible non- spherical for all i > and {Wj , Jo) is 
spherical (and possibly reducible). Let c G Ch(X) and R = Resj(c) be its J -residue. 
IfFixciR) is contained in N, then so is Fixe (Res j (c)). 

Set P = Stabc(-R) and U = Fixc(-R). By Proposition 14. 1[ the quotient P/U is 
isomorphic to Aut(i?) + . 

For each % — 0, . . . , s, set R4 — Resj^c). Viewing R and each Ri as a building, we 
have a canonical decomposition R = Rq x ■ • • x R s , which induces a corresponding 
product decomposition Aut(i?) + = L x • ■ ■ x L s , where Lj = Aut(i?j) + . Let N' 
denote the image of N in Aut(i?) + = L x • • ■ x L s . 

Let j > 0. By Claim HJ the group Stab^ maps surjectively to Lj. It follows 
that the projection of N' to Lj is surjective. Therefore, we have [Lj, Lj} = [iV', Lj] < 
N'. Since Rj is of non-spherical type, we know that Lj is simple by induction on 
the rank, whence Lj < N'. 

Recalling that P fits in the short exact sequence 

1 U -^P->L x---xL s ->l 

and that N contains U by hypothesis, we deduce that N contains the preimage of 
{1} x L\ x ■ • • x L s in P. This implies the claim, since the group 

Fix G (i? ) = Ker(Stab G ( J R ) -> Aut(i? )) < P 
coincides with the preimage in P of {1} x Stable) x • • • x Stable). 
Claim 4. N contains the full stabiliser Stabc(-R) of some proper residue R. 

From Claims |5] and [31 we deduce that there exist spherical residues R Q such that 
Fixg{Ro) is contained in N. Amongst all such residues, we pick one, say R, whose 
type J C / is of minimal possible cardinality. 

If J = 0, then R is reduced to a chamber. Thus Stabc(-R) = Fixc{R) is contained 
in TV and we are done. 

Assume next that J is not empty and let j G J. Since (W, I) is irreducible, there 
exists % G / — J such that my = 00. Now we distinguish two cases. 

Assume first that JU {i} is properly contained in I . Let Ri be the unique residue 
of type J U {2} incident with R. We have Stabc(-R) < Stab^i^) and, hence, 
N > Fix G (R) > Fix G (Ri). Let Ri = R x Qi x ■ • • x Q s be the decomposition 
of Ri into a maximal spherical factor Rq and a number of irreducible non-spherical 
factors. By Claim[3l we have Fixc(-Ro) — N. By construction Ri is not spherical and 
is incident to R. Therefore the type of Rq is a proper subset of J. This contradicts 
the minimality property of R, hence the present case does not occur. 

Assume finally that I = J U {i}. Since (W, I) is irreducible, it follows that 
rriiji = 00 for all j' G J. In other words, we have i x = 0. Therefore, by Claim [2] we 



14 



PIERRE-EMMANUEL CAPRACE 



have Fixc(S') < N for any i-residue S. It follows from the minimality assumption 
on R that J has cardinality 1 as well. Thus / = and X is a tree, in which case 

the claim follows from the simplicity theorem in |Tit70| . □ 

8. Fixators of balls and residues 

We now turn to fixators of balls and spherical residues. We now restrict ourselves 
to the locally finite case. 

Proposition 8.1. Let X be a semi-regular, locally finite right-angled building. 

Then, for all x G Ch(X), J C I with Wj = (J) finite and n > 0, we have the 
following. 

(i) Fix Aut(x)+ ( J B(x,n)) = (£/*(c) | d(c,x) = n, proj RcSiui±(c) (x) = c). 

(ii) Fix Au t(x)+(Resj(x)) = (Ui(c) \ c G Ch(Resj(x)), iel - J). 

Specialising (i) to the case n = or (ii) to the case J = 0, we obtain 

Stab Au t(x)+ 0) = (Ui(x) \ ie I). 

Proof of Proposition \8.1[ Let G = Aut(X) + . 

(i) For all m > n, we set G(m) = FixG{B(x,m)) and 

U(m) = (Ui(c) | dist(c,x) = m, proj R (c) (x) = c). 

By Lemma |3.4[ we have B(x,m) C Xi(c) for all c such that dist(c, x) = m and 
proj Res ( c ){x) = c. Therefore Ui(c) fixes B(x,m) pointwise, whence U(m) < 
G{m) < G(n). 

We next claim that G(m) < U(m)G(m + 1). In order to see this, we pick any 
h G G(m). By the local finiteness of X, there are finitely only many panels a±, . . . , at 
with Ch(a s ) C B(x,m + 1) and that are not pointwise fixed by h. Since h fixes 
pointwise B(x,m), it must fix at least one chamber in Ch(a s ), say c s . 

Observe that proj 5 . s (x) = c s . Indeed, if proj Ss (a;) were closer to x than c s , then by 
Proposition I2.5( ii) the there would be a panel parallel to a s and entirely contained 
in the ball B(x,m). That panel would be pointwise fixed by h, and thus h would 
have to act trivially on Ch(<r s ) as well, which is absurd. 

Since proj Sa (x) = c s , we deduce from Lemma 16^21 1 hat there is g G U(m) such that 
gh fixes a s pointwise for all s = 1, . . . , t. Moreover Lemma [6.21 ensures that g fixes 
all other chambers of B(x, m + 1), so that gh G G(m + 1). This proves the claim. 

Recalling that U(m) < G(m), we infer that for any sequence {uk)k<m with Uk G 
U (k), the sequence (u m u m+ i . . . Uk)k>m converges pointwise to a well defined element 
of G(m). An inductive application of the claim provides, for each g G G(m), a 
sequence {uk)k>m with w fc G U{k) such that g = linn^oo u m u m+ i . . .Uk- Therefore, 
the assertion (i) will follow if one shows that U(m + 1) < U(m). 

Let thus c G Ch(X) and i G / such that dist(c, x) = m+1 and proj Res ( c )i x ) = c - 
It suffices to show that Ui(c) is contained in U(m). Let d be the first chamber on 
a minimal gallery from c to x, and let j G / be the type of the panel shared by 
c and c'. If mjj = 2, then the z-panel of c is parallel to the z-panel of d since 
those panels are contained and opposite in a generalalized 2-gon. It then follows 
from Proposition I2.5( ii) that d G R,es iui ±(c). Since dist(c',x) = m, we infer that 
P r °jRcs ± (c)( x ) = c ' i which is absurd. Thus rriij = oo, and hence we have Xj(d) C 
Xi(c) by Lemma [3 .3[ so that C/»(c) < Uj(d) < U(m) as desired. 
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(Ui(c) | c G Ch(R), i G 



I -J). 



We need to show that U(R) = Fix^i?). For all c G Ch(i?) and i G / — J, we have 
Ch(.R) C Xj(c) by Lemma [3.5[ so that Ui(c) fixes Ch(i?) pointwise. The inclusion 
U(R) < Fix G (R) follows. 

We claim that G(l) < U(R), where C7(l) is the pointwise stabiliser of the ball of 
radius 1 around c. We have seen in the proof of (i) that G(l) = U(l). 

Let i G / and c G ChpT) with dist(c, x) = 1 such that proj Res ( c \{x) = c. Since 
G(l) = C/(l), the claim will follow if we prove that Ui(c) < U(R). Let j G / be the 
type of the panel shared by c and x. The condition that proj Res ( c )( x ) = c implies 



If j G J, then c G Ch(i?) and i £ J (since Wj is finite), so that Ui(c) < U(R) by 
the definition of U(R). 

If j ^ J, we have C/j(c) < L^-(x) by Lemma 13731 and Uj(x) < U(R) by the definition 
of U(R). We conclude again that Ui(c) < U(R), and the claim stands proven. 

Let now ft, G Fixc(i?). Let i 1; . . . , i t be all the elements of I — J. By Lemma [6. 2 [ 
there is g G (Ui s (x) \ s — 1, . . . ,t) < U(R) such that gh fixes pointwise the ball of 
radius 1 around x. Thus gh G G(l) < U(R) and, hence ft G U(R), as desired. □ 



A locally normal subgroup of a locally compact group is a compact subgroup 
whose normaliser is open. We first record that automorphisms of right-angled build- 
ings always admit many locally normal subgroups. 

Lemma 9.1. Let X be a thick, semi-regular, locally finite, right-angled building of 
type (W,I). Assume that (W,I) is irreducible non- spherical. 

Then Aut(X) + admits locally normal subgroups which decompose non-trivially as 
direct products, all of whose factors are themselves locally normal. 

Proof. Given c G Ch(C) and i G /, the group V^(c) is closed by definition, compact 
because it fixes c, and non-trivial by Lemma 15.11 It is moreover normalised by 
the pointwise stabiliser of the z-panel of c, which is open since X is locally finite. 
This proves that Vi(c) is a locally normal subgroup. The desired conclusion is thus 
provided by Proposition 15.21 □ 

The following result is an extended version of Theorem 11.31 from the introduction. 

Theorem 9.2. Let X be a thick, semi-regular, locally finite, right-angled building 
of type (W,I). Assume that (W, I) is irreducible non- spherical. 
Then the following are equivalent. 

(i) W is one-ended. 

(ii) W does not split as a free amalgamated product over a finite subgroup. 
(Hi) There is no partition I = I U Ji U I2 with Jj, I2 non-empty, m^j = 2 for all 

i,j G Iq and m^j = 00 for all i G I\ and j G I-i- 
(iv) X is one-ended, 
(v) G is one- ended. 

(vi) All compact open subgroups of G = Aut(X) + are indecomposable. 



rriij = 00. 



9. Local structure 



We shall need the following basic fact on right-angled Coxeter groups. 
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Lemma 9.3. Let (W, I) be an irreducible non-spherical right-angled Coxeter system. 

For any two half-spaces H, H' whose boundary walls cross in the Davis complex 
of W , there is a half-space H" properly contained in H D H' . 

Proof. The Davis complex of a right-angled Coxeter group is a CAT(O) complex. 
By | 1CS114 Lem. 5.2], at least one of the four sectors determined by the boundary 
walls of H and H' properly contains a half-space. Transforming that half-space by 
an appropriate element from the group generated by the reflections fixing H and 
H', we find a half-space properly contained in H fl H', as desired. □ 

Proof of Theorem \9.2[ The equivalences (i) <^ (ii) <^> (iii) are well-known, see [MT09] . 
The equivalence flrvT) (|vj) is clear since G acts properly and cocompactly on X, so 
that G and X are quasi-isometric. 

(i) =>- (Irvj) By assumption all apartments are one-ended. Given x G Ch(X), we need 
to prove that for all n > 0, any two chambers d, c" at distance > n away from x 
can be connected by a gallery avoiding the ball B(x,n). We proceed by induction 
on n. 

In the base case n = 0, either a minimal gallery from d to c" does not pass 
through x, and we are done, or every apartment containing d and c" also contains 
x, in which case we can find a gallery from d to c" avoiding x inside one of these 
apartments, since these are one-ended by hypothesis. 

Let now n > and assume that Ch(X) — B(x,n — 1) is gallery-connected. Let 
d = Co, Ci, . . . , Ct = c" be a gallery from d to c" which does not meet B(x,n — 1). 
Then for all i, if q G B(x,n) then dist(cj_i,x) = dist(q + i, x) = n + 1. Therefore, it 
suffices to prove that if dist(c',x) = dist(c",x) = n and d, c" are both adjacent to 
a common chamber d G B(x,n — 1), then there is a gallery from d to c" avoiding 
B(x,n). Let E be an apartment containing x and d. Let d' and d" be the two 
chambers of E different from 0? and respectively sharing with the common panel 
of d and d, and of and c" . Let z' (resp. i") be the type of the panel a 1 (resp. a") 
shared by d, d' and d (resp. d, d" and c"). Clearly proj s /((f) = d and proj 5 »((i) = d. 
Therefore, by Lemma l£T2| there is an element g G G fixing Xi/(d) DXj//(d) pointwise 
and such that g(<i') = c' and ^(cZ") = c". Since x G Xi'(d) fl it follows that 

(7(E) is an apartment containing x,d,d and c". Since apartments are one-ended, a 
gallery joining c' to c" and avoiding B(x,n) can be found in the apartment g(E), 
and we are done. 

(jvl) ^> ( !m|) Assume that (lull) fails and let J = Jo U Ii U 1% be a partition with Ji, J2 
non-empty, m^j = 2 for all i,j G Iq and m^- = 00 for all i G Ji and j G J2. Let 
T be the graph whose vertex set is the collections of residues of type Iq U Ii and 
Jo U I2, and declare that two residues are adjacent if they contain a common residue 
of type I . By Lemma 4.3 from |HP03] the graph T is a tree. Since (J ) is finite and 
since X is locally finite, the residues of type J are finite and, hence, their stabilisers 
are compact open subgroups. In other words the edge stabilisers of the tree T are 
compact open subgroups. Since G is chamber-transitive, it acts edge-transitively on 
T and, hence, G cannot be one-ended by |Abe74 . 

(jvTj) =^> f lm|) Assume that (lull) fails and let / = I U I\ U 1% be a partition with ii, J 2 
non-empty, rrij j = 2 for all z, j G io an d m «,i = 00 f° r an « G ii and j G ^2- Let i? 
be a residue of type I Q in X. Since (I ) is finite, the set Ch(R) is finite and, hence, 
the pointwise stabiliser Fixc(R) is a compact open subgroup. We shall prove that 
Fixc(-R) splits non-trivially as a direct product. 
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For k = 1, 2, let U k = (Ui(c) \ c G Ch(i?), i G 4). Notice that lq and {7 2 are both 
non-trivial since I\ and I 2 are assumed non-empty. 

By Proposition 18. 1[ we have Fixc(-R) = {Ui U fjj). We claim that C/i and U 2 
commute. Indeed, let Ci,c 2 G Ch(i2), let z'i G ii, 2 2 G J2. It suffices to prove that 
Ui x {c\) and Ui 2 (c 2 ) commute. This in turn will follow if one shows that they have 
disjoint support. 

By definition the support of U ix (ci) is the union of the sets X i± (d) over all chambers 
d that ^-adjacent to but different from c\. Let d be such a chamber. We claim that 
X h (d) C X i2 (c 2 ). 

By Lemma [3.5[ we have c 2 G X^ci) so that c 2 G" Xj^cf). Similarly, Lemma [3.51 
implies that c\ G Xi 2 (c 2 ), which implies that d G Xi 2 (c 2 ), since otherwise a panel of 
type %\ would be parallel to a panel of type i 2 by Corollary \2A\ which is impossible 
by Proposition 12. 5n ). This proves that d G X, 2 (c 2 ) and c 2 G" X^id). The claim then 
follows from Lemma [3.31 

The claim implies that the support of [/^(ci) is pointwise fixed by Ui 2 (c 2 ). By 
symmetry, the support of U i2 (c 2 ) is pointwise fixed by [/"^(ci), so that [/^(ci) and 
C/j 2 (c 2 ) commute, as desired. This confirms that XJ\ and £/ 2 commute. 

Since U ± .U 2 = Fix G (_R), we have ^ n t/ 2 < ^(Fix G (i?)). Hence U x n C/ 2 is 
contained in the quasi-centre of G, i.e. the collection of elements commuting with 
an open subgroup. By [BEW11, Theorem 4.8] the group G has trivial quasi-centre 
since G is compactly generated and simple. Thus Fixc(-R) — Ui x U 2 as desired. 

(py|) =>• fFvTT) . Assume finally that (pv|) holds and let C/ < G be a compact open 
subgroup with two commuting subgroups A,B such that [/ = A.B. We shall prove 
that A or is open. Since the closures A and B commute, we infer that B or A is in 
the quasi-centre of G, which is trivial by [ BEWlll Theorem 4.8] since G is simple. 
Thus U — A or U = B and (v) holds. 

Therefore, all we need to show that if U = A.B is the commuting product of two 
closed subgroups, then A or B is open; equivalently we need to show that A or B 
is finite. This follows from the last of a series of claims which we shall now prove 
successively. 

Let x G Ch(X). Upon replacing A and B by their respective intersection with 
the compact open subgroup Stabc(x) and then redefining U accordingly, we may 
assume that U fixes x. For all m > 0, we set G(m) = Fixc(B(x,m)). Since U is 
open it contains G{uq) for some n > 0. We define 

IT = {cr panel of X \ Stabc(n )( cr ) % Fixc(cr)}. 

In particular, if a G II then dist (a,x) > uq. 

Moreover, to each chamber c G Ch(X), we associate two subsets of / defined as 
follows 

J (c) = {i G I I proj Res . (c) (x) ^ c} 

and 

J n (c) = {i G / I Resi(c) G n}. 

Recall that a subset J C I is called spherical if it generates a finite subgroup of 
W. It is a classical fact that Io(c) is a spherical subset of /. 

Claim 1. Let c G Ch(X) with dist(c, x) > n and % G /. T/ien z G /n(c) i/ and only 
z/dist(x,Res iU ±(c)) > n . 

Let a be the i-panel of c, let <r be the i U i^-residue of c and c' = proj s (x). 
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If dist(x, a) = dist(x, d) > no, then Ui(d) fixes B(x, no) pointwise by Lemma \3. 41 
Thus Ui(d) < G(uq) < U. Since a is parallel to the 2-panel of d by Proposi- 
tion ES^ii), we infer that Ui(d) fixes proj CT (x) and permutes arbitrarily all the other 
chambers of a. Therefore Stabc( no ) (c) ^ Fixo(a). Thus a G II and % G /n(c). 

Assume conversely that dist(x, a) < uq. Then the i-panel of d lies entirely in 
B(x,n ) and it thus pointwise fixed by G(n ). Therefore StabG( no )(er) acts trivially 
on a, and hence a (jL II and z ^ Iji(d). 

Claim 2. There is some ri\ > no such that for all c G Ch(X) with dist(c, x) > ri\, 
we have Iq(c) D In(c) 7^ 0. 

Since (W, 7) is right-angled, any collection of pairwise intersecting walls in an 
apartment is contained in the set of walls of a spherical residue. The cardinality of 
such a collection is bounded above by the largest cardinality of a spherical subset 
of I. In particular it is finite. In view of Ramsey's theorem, we infer that there is 
some ri\ > such that any set of more than n\ walls contains a subset of more than 
no pairwise non-intersecting wall. 

Let now c G Ch(X) with dist(c, x) > n\ and £ be an apartment containing c and 
x. By construction there is a set of more than no pairwise non-intersecting walls in 
E that are crossed by any minimal gallery from c to x. In particular, at least one of 
these walls, say W, separates c from the ball B(x,Uq). 

Since (W, I) is right-angled, no wall crossed by a shortest possible gallery from c 
to a chamber adjacent to W crosses W. Let W' be the first wall crossed by such a 
gallery. Thus W' adjacent to c and separates c from the ball B(x,rio). 

Let now k G / be the type of the panel of c which belongs to W. Since W 
separates c from x, we have k G Iq(c). Since W does not meet the ball B(x,no), 
we have dist(x, Res fcufc ±(c)) > no because dist(x, Res fcufc ±(c)) belongs to £ and is 
bounded by the wall W. Therefore k G In{c) by Claim [TJ Thus the sets Io(d) and 
Jn(c) have a non-empty intersection, as desired. 

Claim 3. Let c G Ch(X) and a be a panel of c. If a(d) ^ c for some a G Stabler), 
then b(c) = c for all b G Stab# (a), and similarly with A and B interchanged. 

Let i G / be the type of a. Notice that proj CT (x) 7^ c since a fixes x and stabilises 
a. Since (W, I) is irreducible and non-spherical, there is j G / such that m^j = 00. 
Given a chamber d in the {i, j}-residue of c such that proj (T (c / ) = c, we deduce from 
Lemma 13.21 that d is separated from x by at least dist(c, d) wall-residues of type 
i U i 1 - or j U j -1 . In particular, we may find such a d with the property that Xi(d) 
does not intersect the ball B(x,no). Moreover, up to replacing d by an z-adjacent 
chamber, we can choose d so that c G" Xi(d). Consequently the group Vi(d) fixes 
B(x,no) pointwise, and is thus contained in U. 

Lemma 13.31 ensures that Xi(d) C Xi(c), whence Vi(d) < Vi(c). By Proposi- 
tion [5T21 the conjugate aVi(d)a~ l < Vi(a(c)) commutes with Vi(d). Therefore the 
commutator [a, V^(c')] is a subgroup isomorphic to V^(c') which is diagonally embed- 
ded in Vi(d) x Vi(a(d)), and its action on the wing Xj(c') is given by a surjective 
map onto Vi(d). Moreover, since A is normal in U, we also have [a, V^(c')] < A. 

Similarly, if b G Stable") and 6(c) 7^ c, then we have [b, Vi(b(c'))} < B and 
[b, Vi(d)} maps surjectively on Vi(d). Since A and B commute, it follows that Vi(d) 
is abelian, in contradiction with Lemma I5TT1 Therefore b(c) = c for all b G Stabler). 
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Claim 4. For each panel a G II , there is a unique F G {A, B} with Stabler ) ^ 
Fixc(cr). We denote the corresponding function by 

f:Tl^{A,B}:o-^F. 

Moreover, the group Stabler) permutes arbitrarily the elements of Ch(cr) different 
from proj CT (x) (i.e. it induces the full symmetric group on Ch(a) — {proi a (x)}). 

Let a G II. By definition there is u G Stabc( no )(cr) and c G Ch(cr) with u(c) 7^ c. 
Write u = ab with a G A and b E B. Consider a gallery Xq,X\, . . . ,Xk of minimal 
possible length joining a chamber in B(x,no) to a chamber in Ch(cr). Since u G 
G(n ), it fixes Xq and by the minimality of the gallery, we have Xk = proj (T (xo), so 
that u fixes well. Therefore u fixes for all i. 

We claim that a and 6 both fix Xi for all 2. Otherwise there is some i such that 
a{xi) 7^ Xj. Since u(xi) = Xi and u = ab, we must have b(xi) 7^ Xj. If i the smallest 
such index, then a and 6 also fix x^\ and thus both stabilise the panel shared by 
Xi-\ and Xi. This contradicts the previous claim. 

It follows that a and b both fix Xk and hence stabilise a. In particular we have 
Stabler) ^ Fixc((r) or Stable) ^ Fix^cx). It remains to show that these two 
possibilities are mutually exclusive. Let Ch^ and Ch# be the subsets of Ch(cr) that 
are not fixed by A and B respectively. The previous claim guarantees that Ch^ and 
Gig are disjoint. 

Let i G / be the type of a and d = proj CT (x). Since a G II, we have Ui(d) < 
G(no) < U by Claim [T] and Lemma 13741 Consequently the group Stabler) permutes 
arbitrarily the set Ch(a) — {c'} by Proposition 14.21 Since A and B are normal in U , 
it follows that either Ch^ or Che coincides with the whole of Ch(<j) — {c'}. 

Claim 5. Let c G Ch(X) and i,jEl with rriij = 2. Let Oi and Oj be the i- and 
j -panels of c respectively. If Oi and Oj belong to IT, then f[pi) = f{o~j). 

Suppose for a contradiction that /(crj) = A and f(cj) = B. Then there are some 
a G A, b G B stabilising respectively \ and Oj, and so that moreover a(cj) 7^ q and 
b(cj) 7^ Cj for some q G Ch(<7j) and Cj G Ch(erj). 

Let R be the {i, j}-residue of c and set d = proj i? (x). Let also a[ and a'j be the 
i- and j-panels of c'. Then a and b both fix d and stabilise a[ and o"^-. Moreover a[ 
and cx^ are respectively parallel to <X; and a.,-. Therefore we have = f{a[) and 

./>,) = /(<#■ 

Let £ be an apartment containing x and c'. By Claim [H the ball B(x,n ) is 
contained in Xi(d) D X,(c'). From Lemma [6.2} we deduce that there is some g G 
G{ n o) < ^ mapping £ to an apartment containing Cj and Cj. Upon replacing E by 
we can thus assume that £ is an apartment containing the chambers x, c, Ci 
and cj. 

Let H (resp. iJ') be the half-apartment of £ containing q (resp. Cj) but not c. 
Since (W, /) is irreducible and non-spherical, there is a half-apartment H" which 
is entirely contained in H fl H' by Lemma 19.31 Let c" be a chamber of H" having 
a panel in the wall determined by H" , and let k G / be the type of that panel. 
Since H" G H C\ H' , we deduce from Lemma [3.31 that Xk(c") C Xj(cj) fl Xj(cj). In 
particular we have \4(c") < Vi(cj) fl Vy(cj) < G(n ) < U (see Lemma S3]). 

By Proposition I5.2[ the commutator [a, V^(cj)] is a subgroup isomorphic to Vi(q) 
which is diagonally embedded in Vi(cj) x V^(a(cj)), and its action on the wing Xj(cj) 
is provided by a surjection onto Vi(cj). Moreover, since A is normal in U , we also 
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have [a, Vi(cj)] < A. Similarly we have [b, Vj(cj)} < B and its action on the wing 
Xj{cj) is provided by a surjection on Vj(cj). 

This implies that the groups [a, Vfc(c")] < A and [b, Vk(c")} < B are two commuting 
subgroups, both of which map surjectively onto Vk(c"). It follows that Vk(c") is 
abelian, in contradiction with Lemma [5. II The claim stands proven. 

Claim 6. Let c G Ch(X) and i,j G / with rriij = oo. Let and o~j be the i- 
and j -panels of c respectively. If o~i and o~j belong to U, and z/proj CT .(x) ^ c, then 
f(ai) = f(a 3 ). 

Suppose for a contradiction that f(o~i) = A and f(o~f) = B (the case f(o~j) = A 
and f(o~i) = B is treated similarly). In view of Claim H] and the fact that d = 
proj CT .(a;) 7^ c, we can find a G A, b G B and Cj G Ch(<7j) such that a(c) 7^ c and 
b(cj) ^ cj. 

By Claim Q] the ball B(x,Uq) is contained in Xj(c'). By Lemma 13.31 we have 
Xi(c) D Xj(cj). In particular Xj(cj) is disjoint from B(x,uq), from which it follows 
that Vj'(cj) is contained in U. Arguing as before, we conclude that the groups 
[a, Vj(cj)] and [b, Vj(cj)] commute and map onto Vj(cj), forcing the latter to be 
abelian, in contradiction with Lemma [5. II 

Claim 7. Let c G Ch(X), let i,jEl and let Oj be the i- and j-panels of c respec- 
tively. If o~i and o~j belong to II, and z/dist(c, x) > ri\, then /(fTj) = f(o~j). 

It suffices to deal with the case when proj CT . (x) = proj^(x) = c, since the other 
cases are dealt with by Claims [5] and |6j 

Since dist(c, x) > n\, there is some k G Iq{c) D In(c) by Claim [21 Let be the 
A;-panel of c. Invoking Claim [5] or Claim [6] according as = 2 or = 00, we 
infer that /(ci) = fipk)- Similarly f{o~j) = /(cfc), so that f(ai) = f((Tj) and we are 
done. 

Notice that by Claim [21 every chamber c at distance > ri\ from x has a panel 
belonging to IT. Moreover the map / takes the same value on all these panels by 
Claim [3 We shall denote this common value by f{c). 

Claim 8. Let c, d G Ch(X) be two adjacent chambers both at distance > ri\ from x. 
Thenf{c) = f{d). 

Let a be the panel shared by c and d. If a G II then we are done by the previous 
claim. We assume henceforth that a ^ H and denote by j its type. By Claim [2] 
there is some i G Io( c ) H Iu{c). Let a"j be the z-panel of c. Then d = proj^. (x) 
is different from c and moreover cr, G II. By Claim [1] this implies that B(x,n ) is 
entirely contained in X^d). It follows that my = 2, since otherwise we would have 
Xi(d) C Xj(c) by Lemma I3~31 and hence the j U j -wall residue of c would not meet 
B(x,n ). This would contradict Claim [T] since cr ^ II. 

Since rriij = 2, it follows that the i-panel of d, say cr-, is parallel to o"j since 
they are contained and opposite in the {i, j}-residue of c. Therefore, any element of 
G(uq) < U stabilises Oi and acts non-trivially on it if and only if it stabilises a[ and 
acts non-trivially on it. Hence we find that f{o~i) = /(c^) whence f(c) = f(d). 

Claim 9. We have A (1 G(ni) = 1 or B (1 G(ni) = 1. 

By (jrvj) any two chambers at distance > n\ from x can be joined by a gallery 
which does not meet the ball B(x, n\). By the preceding claim, this implies that the 
map / is constant on Ch(X) — B(x, n{). Upon exchanging A and B we may assume 
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that this constant value is A. It follows that for all panels a G II at distance > n\ 
from x, we have Stabler) < Fixs(er). An immediate induction now shows that for 
all m > nx, we have B D G(m) < G(m + 1), whence B H G{n\) is trivial. □ 

References 

[Abe74] Herbert Abels, Specker-Kompaktifizierungen von lokal kompakten topologischen Gruppen, 

Math. Z. 135 (1973/74), 325-361. SUB] 
[BEW11] Yiftach Barnea, Mikhail Ershov, and Thomas Weigel, Abstract commensurators of profi- 

nite groups, Trans. Amer. Math. Soc. 363 (2011), no. 10, 5381-5417. H7] 
[Bou97] Marc Bourdon, Immeubles hyperboliques, dimension conforme et rigidite de Mostow, 

Geom. Funct. Anal. 7 (1997), no. 2, 245-268. [6] 
[CM11] Pierre-Emmanuel Caprace and Nicolas Monod, Decomposing locally compact groups into 

simple pieces, Math. Proc. Cambridge Philos. Soc. 150 (2011), no. 1, 97-128. HU 
[CRW12] Pierre-Emmanuel Caprace, Colin Reid, and George Willis, Locally normal subgroups of 

totally disconnected groups: general machinery and applications to simple groups, In 

preparation, 2012.0 H 

[CS11] Pierre-Emmanuel Caprace and Michah Sageev, Rank rigidity for CAT(0) cube complexes, 

Geom. Funct. Anal. 21 (2011), no. 4, 851-891. [H 
[Dav98] Michael W. Davis, Buildings are CAT(0), Geometry and cohomology in group theory 

(Durham, 1994), London Math. Soc. Lecture Note Ser., vol. 252, Cambridge Univ. Press, 

Cambridge, 1998, pp. 108-123. Q] 
[Gis09] J. Gismatullin, Boundedly simple groups of automorphisms of trees, Preprint, 

arXiv:0905.0913, 2009. EU 
[HP98] Frederic Haglund and Frederic Paulin, Simplicity de groupes d'automorphismes d'espaces 

a courbure negative, The Epstein birthday schrift, Geom. Topol. Monogr., vol. 1, Geom. 

Topol. Publ., Coventry, 1998, pp. 181-248 (electronic) . H [11] 
[HP03] , Constructions arborescentes d'immeubles, Math. Ann. 325 (2003), no. 1, 137- 

i64.ru[Hi[iii[in] 

[Laz] Nir Lazarovich, Simplicity of automorphism groups of rank one cube complexes, Preprint , 
2012. [U 

[MT09] Michael Mihalik and Steven Tschantz, Visual decompositions of Coxeter groups, Groups 

Geom. Dyn. 3 (2009), no. 1, 173-198. EH 
[Tit64] Jacques Tits, Algebraic and abstract simple groups, Ann. of Math. (2) 80 (1964), 313- 

329.HU[!J 

[Tit 70] , Sur le groupe des automorphismes d'un arbre, Essays on topology and related 

topics (Memoires dedies a Georges de Rham), Springer, New York, 1970, pp. 188-211. 

mrnjriirii 

[Tit 74] , Buildings of spherical type and finite BN-pairs, Lecture Notes in Mathematics, 

Vol. 386, Springer- Verlag, Berlin, 1974. E2 E 



Universite catholique de Louvain, IRMP, Chemin du Cyclotron 2, 1348 Louvain- 
la-Neuve, Belgium 

E-mail address: pe.caprace@uclouvain.be 



